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Three-dimensional sub- and supersonic flows of gas in nozzles and channels of
varying cross section are analyzed, The inverse problem of the theory of Laval
nozzles is formulated and extended to three-dimensional flows, An implicit three-
point difference scheme with varying pitch along a layer is proposed, In the
neighborhood of the surface for which the Cauchy data are specified an asympt-
otic series expansion in terms of the stream-function is derived and the method
of solving related equations is indicated, Examples of calculations of three-di~
mensional flows in nozzles are presented, Papers [1 - 3] dealing with three-di-
mensional supersonic flows in nozzles and paper [4] in which an analytical sol-
ution is derived for the flow in the neighborhood of the nozzle center should be
noted among recent publications,

1, Fundamental equations and statement of problem, We introduce
a system of curvilinear coordinates linked with the curve y = f, (s) lying in the Zy -
plane, The coordinates of a point are defined in this system by the arc length s, the
distance r along the normal to this curve,
and by the angle @ in a plane normal to it
(Fig. 1).

We transform the equations of gasdynamics
in the system of coordinates s, r and ¢
[5] by passing to new independent variables
Y and O such that Y = const and 6 = const
represent stream surfaces which can be in-
Fig, 1 troduced for analyzing three-dimensional
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stationary flows [6], Using calculations similar to those in [7 - 9], we obtain for the
determination of the seven dependent variables u, v, w, p, p, r and @, as functions
of independent variables §, ¢ and § , the following system consisting of five differential
equations in partial derivatives-and of two finite relationships:

gp 1 dp ap G(seu
= m e - Y [ sew A
ar? i "2 dp orr
Er ”‘awae{_—ta‘{p“'ée“] ——H (5,6, %) (1.2)
dw usin @ uv( \
3 == 1+—cos4> +
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1Fr/Reosp[ 1 3p
+W[m—g + 256 (5,0, w)} IL 6, %) (1.3)
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i <1»+ ——coscp) (1.4)
a —
%:%(1+%cosm> =H4(s,e,1p) (1.5)
p=pr (1.6)
141 p7~1/v 2 2%
oL p— u2 cos @ w2

G(s,0, ) = m 35 T RAFr Reosq) T
Here ¥ is the adiabatic exponent; u, v and w are projections of the velocity vector on
the axes of the curvilinear system of coordinates 8, r and @, respectively, normalized
with respect to the critical speed of sound a, ; pand p are respectively the pressure
and the density of fluid, normalized with respect to pressure p, and density p, in the
nozzle critical cross section; parameters with dimensions of length are normalized with
respect to a certain characteristic length r, and the stream-function with respect to
PulyTs2 R (8) is the radius of curvature of curve f, (8).

For w = ( and H = oo the system (1,1) - (1, 7) reduces in the general case to the
system of equations which was used in {8] for numerical solving the inverse problem of
the Laval nozzle of plane and axisymmetric configuration, The absence in Eq, (1.3)of
derivatives with respect to 1 is important for the subsequent analysis,

In the general case of three-dimensional flow the inverse problem of the nozzle theory
can be formulated for the system (1,1) ~ (1. 7) as follows, Let the distribution of the
velocity component u = u. (s, 0) be specified in plane r = ry (s, ) and that of
w = w, (8,%) and of coordinate @ = ¢, (0, ) in plane s = sy, We have to deter-
mine the family of stream surfaces and the flow parameters in the neighborhood of the
reference stream surface,

The significant difference from the corresponding problem of plane and axisymmetric
flows is that in this case it is not sufficient for solving the Cauchy problem to specify
the stream data only at the stream surface, since the latter is a boundary layer surface,
The two supplementary and the three compatibility equations [10] are in this case in-
sufficient for the determination of flow parameters for the next layer (stream surface),
since it is necessary to solve for the latter the system of Egs, (1, 3), (1. 5) in partial de-
rivatives for which boundary conditions are not stated,

Hence initial conditions have to be formulated not only at the stream surface but also
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at some surface different from the latter, Such statement of the inverse problem makes
it possible to derive a unique solution and is, in a sense, equivalent to the statement

of the inverse problem of plane vortex or axisymmetric flow, since for the latter it is
also necessary to specify certain data (entropy distribution) in the reference plane, It is
important to note that the specification of all velocity components at the stream surface
results only in overdetermination,

2, Series expansion in terms of the streamfunction, Let us derive
the solution of system (1,1) - (1, 7) for the neighborhood of the reference surface | =
= ( in the form of series expansion in terms of the streamfunction, Let us express the
parameters u, v, w, p, P, ¢ and r in the form [8]

N N
Fs9,0) = 2 fa(s, 009" + V0 2 10 (5, 0) " (2.4)
n=y n==(
where f (s, P, 0) is any of the above tunctions, Substituting relationship (2,1) into the
systemn (1,1) - (1, 7) and equating the coefficients at like powers of 1, for the determin~
ation of functions f (s, 8) and f,°(s, 6) , we again obtain a system of equations in
partial derivatives but with only two independent variables s and 0.

1, Derivation of solution in the case of 7, (s, 0) &= 0. For the de-
termination of functions f, (s, 6) we have the system (1,1) - (1, 7) in which we denote
all dependent variables by a zero subscript, Since all unknown functions, including w,
and @, are specified in the plane s = s,,hence the system (1, 3), (1, 5) can be numer-
ically integrated with respect to s over several planes § == const, and it is possible
to determine functions w, (s, 0) and @, (s, 0) throughout the reference plane { =
=const and then determine functions p,, ¢, and U, from relationships (1.4), (1, 6)
and (1, 7).

We note that in an axisymmetric flow free of twist (w = 0, R = o) the problem is
considerably simplified and it is possible to determine functions v,, p, and p, directly
from (1, 4), (1.6) and (1, 7). It is also important that for u = u, (5), r = 7o (5) and
R (sy = ~o, even if in the reference cross section s = s, functions w, and ¢, vanish,
they remain nonzero for any other s, since for R 3 oo system (1, 3), (1. 5) is nonhomo-
geneous, This means that a twist of the nozzle axis always results in the appearance of
a peripheral velocity component,

It can be shown by simple but cumbersome calculations that the system of equations
defining functions f° (s, 8) is homogeneous with respect to these functions, while the
specification of w?; (sg, 0) and @,° (s,, 0) in the reference plane determines in the latter
all remaining functions f,° (s,, 0). Owing to the homogeneity of the related systems,
it is obvious that all functions f,° (g, 0) = 0 when w° (s;, 8) == @,° (s,,0) = 0.
The specification of condition we® (89, 0) == @, (sg. ) == U is physically justified,
since it is difficult to visualize flows with infinite derivatives gw / ¢ and d¢ / 9y in
regions away from the axis of symmetry of the reference plane,

Let us now consider the method of determining functions f, (s, 8).

In the case of axisymmetric flows free of twist the pertinent linear equations are sim-
ilar to those presented in [8], and the determination of function f; necessitates only
the differentiation of the known functions w«, (s) and 7, (s). However in the case of a
three-dimensional flow it is still necessary to solve the Cauchy problem for s and for
the determination of functions w; and @, to numerically integrate the system of
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equations concerned, In fact, it can be readily shown that any of the unknown functions
can be represendted in the form

fils, 8) = a, (s, 6) + a, (s, 0) wy + a4 (s, 6) L2 1
where a; (s, 0) are functions of known parameters f, (s, 0) and their derivatives with
respect to s and 0. The related system of linear equations becomes now a Cauchy system
with the condition that w, (s,, 8) and @, (sy, 0) are specified at the reference plane
s = 8, . The validity of the proposed statement of the inverse problem for the three-
dimensional case with r (s, 8) == 0 is thus proved,
2, ‘Derivation of solution in the case of ry (s, 6) = 0. For the de-

termination of functions f, (s, 8), f, (s, 0) and f,° (s, t) we have the following system
of equations: o__ ., Or® Qo wo’ °o__ 2
o = Uo 55 s 0s  ro°up’ To = PotodQo / 09 (2.2)
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We note that at r,° = 0 from (2, 2) follows that w,° = v, = 0 . Final formulas for
fos fo, /1 and f,° in the case of axisymmetric flow are given in [8],

Let us first consider the case of R = oo , for which from (2, 2) and (2, 5) we have
Po° = Po° = uy° = 0. It can be shown by simple, although cumbersome, calculations
that for R = oo the system of equations defining functions ¢,°, r,, v, and w, is homo-
geneous, and for @y°(sg, 0) = wy (s, 6) =0 yields the unique solution

P (5, 0) = wy (s, 8) = v, (s, 0) =r.(s, 0) =

analogous to that for an axisymmetric flow free of twist,

The derivation of solution for functions vy°, ry°, p;, @ o and w,° for the determin -
ation of which we have Eqgs, (2,2) - (2. 5), proves to be far from trivial, It appears that
Eq, (2. 5) can be reduced to the form

3 (5 ) + Do 0) 75 (525) + @165,6) B+ Dy (5,0) =0 (26)

where @; (s, 0) are known functions which can be calculated in the plane s = const,
if wy°and Qo are known and function u, (s) is specified. To find the derivative
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0w,’ | @s on any plane s = coust it is necessary to solve numerically the boundary
value problem for the ordinary differential equation (2, 6). Owing to the periodicity of
function w,” (0) the boundary conditions for dw,° / ds are that it must vanish in planes
of symmetry, It is important to note that, when solving asymptotic equations for the
vicinity of the reference surface, we determine not only the sought functions but also
the derivative 0@ / 0.

Solution of the nonlinear equations in partial derivatives derived in subsections 1 and
2 can generally be obtained only by numerical integratiqn, although it is sometimes
possible to obtain a solution in.the closed form,

Let us derive an approximate solution of the system (2,2) — (2, 5) for # = oo by the
method of small perturbations, We represent functions Qg, 7y, Up”, W," and p; in the

form Po = 0 + e@g (5, 0) + &2y (5, 0) +
1o’ = Too” () -+ ergy° (s, 0) + €%r,° (s, 0) - .
wy” = gwyy (s, 0) 4 e%wpy® (5, 0) 4 . .. (2.7)

Vo == Ugo’ (8) -+ £001° (5, 0) 4 €20gp° (5,0) - . ..

Pi= P10 (8) + &P (8, B) +€%ppa(s, 8) +
where € is a certain small parameter, This form of presenting the unknown functions
is based on the physically valid assumption that for the same distribution of velocity
Uy () along the axis the difference in the reference plane between the parameters of a
three-dimensional and those of an axisymmetric flow is small, The substitution of rela-
tionships (2, 7) into the system (2,2) ~ (2, 5) and the linearization of the latter yields the
following equations:

Too (8) = (2] potio)'T2, Voo (8) = Uodree” (s) / ds

. it dvon®}
plO (S) - rOOO (S) ds (2.8)
0Po1 ] ore® IPn
Too® —:9%— = — 2" Vo = U Fr) UoToo° s W’
1 dror dvoo® 02po1
(roo Wy ) - Z < 20 ds rooo &?36) (2'9)

The system of equations defining the coefficients at &?"can be similarly derived, Form-
ulas (2, 8), which coincide with the corresponding formulas for an axisymmetric flow
free of twist (see [8]), make it possible to determine functions 7y (5), Voo ($) and

Pio (8) by using finite relationships or by differentiating known functions with respect

to s,

An important property of the system of Eqs, (2, 9) in partial derivatives is their linea~
rity which makes it possible to find the solution by the Fourier method of separation of
variables, As the result we obtain to within terms of order &€? the following approximate
solution of system (2, 2) — (2. 5):

o’ (5, 0) = roo (8) {1 — &r0° (S) 2 [”’015 (s0) 5 pods - o1z (8—0)} cos ke}

Too® (se) J

P (5,0) =10 -+¢ 2 [w)j o8 4 Porp (so)J sin k9

K
D1 (S, 9) = Do {1 _ 6rooo (S()) Z k [ 01k (SO)AS‘ d + (POI‘,k(: ))] cos ke}
k=p
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K o 8
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-+ For (SO)} - ok (50 } cos k0 (2.10)

7'00° (80) roo° (So)

K
o (5, 8) = e7o0” (50) [roo” ()1 2wk (s0) sin 49
k=0
where wow (so) and gk (s,) are the Fourier coefficients in the expansions of input funce

tions w,° (S, 6) and @, (Sg, 0) in terms of sin k8. It follows from relationships (2.10)
that the shape of the cross section can be altered by varying at § = $, the input data
Wk (o) and ok (So). These relationships also imply that, if at § = s, we set Qg
(so) = 0, the nozzle cross section is in that plane circular, while with increasing s it
loses its axial symmetry and assumes the form determined by the input value of gy

(sp). Unlike in the amsymmetnc case, dry’ [ 05 [s—s, is now a function of § , If all
woik (o) = 0> except Wyia (S,), then obviously a three-dimensional flow has two planes
of symmetry and for wp,, (so) 5= O it has one such plane, Formulas (2,10) are evidently
valid for calculating subsonic, as well as mixed transonic flows, A similar solution can
be derived in the case of ry = 0 and R =& oc using, for example, 1 / R for &, It
can be shown that in this case a nozzle of circular cross section in the reference plane
remains circular to within % in all other cross sections, Its axis is, however, curvilinear
in accordance with the law B = R (s).

8, Difference scheme for solving the {nverse problem of the
Laval nozzle theory and examples of noszles of noncircular cross
sections, The derivation of this scheme for numerically solving the inverse problem
of three~dimensional flow is analogous to that used in [8] for the axisymmetric case, The
implicit three-point scheme, proposed there, of second-order accuracy and with a vari-
able pitch on layers P = const, ensures stable solutions in the subsonic region, where
the Cauchy problem for elliptic equations is generally improper, as well as in the wan-
sonic and supersonic regions, Below we present only the extension of this scheme to three-
dimensional flows without specific proof, which can be found in [8],

We denote layers ¢ = const and planes 6 = const and s = const by subscripts n, /
and ! respectively, Let us assume that all parameters u, v, w, p, p, 7, ¢ and 9p/dp are
known in the layer ¥, = const and in the planes L and J defined, respectively, by
s = const and & = const, The L , as well as the J -planes are generally not equi -
spaced, The calculation of parameters in the layer ¥,,; = const is carried out by the
method of iteration in the ¢ - and s -directions, as follows, First, using formulas

&
(v) — X ~
Pittnsr) = Py + 73 My + 10 &m] (3.1)
Ay
{v) - . (v
Til ey = {r_ign + 5 My, + 10 tmng} (3.9
vl ( >(V) {? = i 2l Pﬂ (n+1) }Y‘lﬁ
L} (n+1) 31 (n+1) T — 1 -

(2 ><V> I (17 R 3
- 3 i — ¢08 > } } 3.q
— [ (n+1)] ( 3 ) 3 (nan) [ ?) (n+1) ©-9)
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we successively determine in each iteration the magnitudes 7§\, P\ilu.y) and o), .
In these equations ¥ is the iteration number and Ay is the pitch of the difference scneme
in the ¢ -direction, In the first iteration (v = 1) functions with superscript (v — 1) are
assumed to be equal to the corresponding runctions in the nth layer, and in all subse~
quent iterations the parameters derived in the preceding iterations are used,

Then, using the known in the (n-- 1) -st layer parameters p](l()n +1)? ’Sz(n 4+ and vf,“()nﬂ).
starting from the plane s= s,.we integrate in the s ~direction over all J-planes (except
planes of symmetry) the system of Eqs, (1, 3) and (1, 5) whose right-hand sides now depend
only on the unknown functions w and ¢. Parameters i) . .. and ¢4}y ) are de-
termined in each of the 7-planes at the (z 4 1)-st layer y,,1 and in the plane s,

respectively, by formulas

wivi .
i (”'1) (n+1) = wfl (n+1) + z {H3Jl (n+1) T Hag (z+1) (n+1)} (3.4)

(vi) .
P; () (nep = q)]l (n+1) + 2 {”4;1 (ne) T Ha;(;+11)) 1)) (3.9)

where ¢ is the iteration number and As is the pitch of the difference scheme in the
s-direction, In the first iteration (i = 1) functions with superscript [v (i —1)] are ass-
umed to be equal to the corresponding functions in the preceding s;-plane, and the
parameters derived in the preceding iteration are used in all subsequent iterations,

Integration of the system (1, 3), (1.5) in the s -direction is carried out from the ref-
erence plane s = s, in which functions w ({, 6) and ¢ (i, 6) are specified, up to a
certain end-plane s = 5. Having determined functions p, r, w, v and ¢ in the w~th
iteration, from formulas (1,6) and (1,7) we find u and p . If the difference of values
of all unknown functions obtained in the vth iteration and those in the (v — 1)-st iter-
ation is outside the required accuracy, the (v -+1)-st iteration is carried out, In the
(v -+ 1) -st iteration we again use formulas (3,1) — (3, 3) for calculating functions p, r
and v in the (n + 1)-st layer and then numerically integrate system (1, 3), (1. 5) (form-
ulas (3, 4) and (3, 5)) with respect to s and determine functions v and ¢. The v - and
i - iterations are completed on reaching the required accuracy, This is followed by
calculations of the next layer ¥ = const.

It is expedient to calculate derivatives arjds, dv/0s, dp/08, orjo8 and Adg/oH along
layers ¢ = const and 6 = const by the three-point scheme with varying pitch proposed
in 8], This ensures a stable solution of the Cauchy problem in the elliptic region, The
proposed scheme is of second-order accuracy in all directions,

The examination of system (1,1) — (1. 7) shows the possibility of applying it in the
calculation of the practically important twisting flows by using the difference scheme
proposed in [8], In fact, by assuming that all flow parameters (except ¢) are functions

of only two independent variables s and 1, and that R = , from (1. 3) we readily
obtain
wWn (S, 1‘,) rn (Sn, ‘lP) .

where w, (so, ) and r, (sy, ¢) are the values of functions w and r in the reference plane,
From Eq, (1,5) then follows that 3 "
8,
"—O—i-S——ds (3.7)
So

and, comsequently, that ¢/ 80 = 1. The form of Egs, (1,1), (1.2) and (1,4) is now
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exactly the same as in the axisymmetric case, except that the expression for G (s, )
has the term w®/ r added to it which, in accordance with (3,6), is a known function
of P,and that »? is to be taken into consideration in the expression for u , The differ-
ence scheme described in [8] is used for calculating such flow,

2,
71 T |
lfaﬂh\‘§ | §=0
‘ 0.5
i
45 60 8
&:::-
o=16° |7
§=J0°
%
/
L e/ 570¢ 5=0
k=2, £=0.0675
7 2 7 4

Fig. 2.

In conclusion we examine some examples of calculating sub- and supersonic flows in
nozzles and channels of varying cross sections, First, let us consider an axisymmetric
flow free of twist, The proposed here difference scheme was used in [11] for investiga-
ting the flow in annular nozzles of various shapes,

Three-dimensional flows were calculated exclusively by the asymptotic formulas
(2.10) which provide a qualitative appraisal of nozzle geometry and of the distribution
of parameters, Results of these calculations are shown in Figs, 2 and 3,

In Fig, 2 is shown a nozzle which up to its minimum cross section is axisymmetric
and close to elliptic in two planes downstream of it, These cross sections have been
drawn for s = const. At the outlet plane s = 2 the ratio of the cross section semiaxes
is equal 1, 5, In the calculation s; =0, k=2 , e = 0.0875, y=1.4, r,= 0 and
R = ~ were assumed, and U, was defined by formula

A —u)(uy, —1) 0 —1)
ue(s) =1 + B

1—uy)e -4 (L_too—i)

(38)

where u,, = 0.1,3_ = 1.9 and 1/b = 3.5. In this Figure is also shown the locus of
points b = const, i,e,, the projections on the yz -plane of secondary stream surfaces
and the ratio pyp;, at various cross sections in terms of §. The presence of gas leakage
from plane z =0 toplane y = 0 is noticeable,

The results of calculations of a nozzle which is axisymmetric up to its minimum cross
section has a single plane of symmetry, and a nuncircular outlet cross section downstream
are similarly presented in Fig, 3, It shows, as previously, the shape of various cross sect-
ions at 8 = const. The axisymmetric nozzle geometry for the same initial distribution
is shown there by dotted lines, In calculating this variant it was assumed that s, = 0,
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k=1, ¢=0475, vy = 1.4, rp = 0 and R (5) = oo,and u, (s) was determined by formula
(3. 8). In this case gas icakage occurrea from plane ¢ = U to plane ¢ = 480° It issig-
nificant that the center of gravity of cross section shifts with increasing s to the left

P2

e”'%%g

7 %
= ‘éx?_jg 777 TS

. ;;* N
P 8=y .
Wl ~

\ \
/ /] £=0.178 \ \ \\\
/ / \ \ \
5= pS=1 ,S=:7.J §=0
t

E) 2z 7 7 —7 -2 z
Fig. 3

It
=

gy TN oy
KB

of its position in the critical cross section, This results in a twist of the nozzle geomet-
ric axis and the appearance of a side force.
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Small steady oscillations of a perfect incompressible liquid in a rigid vessel are
examined, Although this problem was fairly thoroughly investigated {1 - 3], the
determination of high frequency oscillations and of their form in a liquid in ves-
sels of arbitrary shape presents considerable difficulties,

A simplified approximate method, whose accuracy increases at higher frequencies
is proposed for solving this problem, It is shown on the example of several prob-
lems that for practical purposes this method can be used for the full range of fre-
quencies, Estimates of the lower and upper bounds are given in some of the pro-
blems,

1, The velocity potential (D of free oscillations of liquid satisfies the Laplace equa-
tion with boundary conditions [4]
2 2%

2 Xo=o0 (xzz‘”?’?) aong T, 2 _0 along S 1.1
where § is the wetted part of the vessel surface, 3 is the free surface of the unperturbed
liquid, V is the region bounded by the surface S 4
+ 3, 0@ / dn is a derivative along the normal to

S, R is a constant of dimension length ( a character-

z 0 \ istic dimension of the cavity), ® is the angular osci-
¥  llation frequency, g is the acceleration of gravity,
and the direction of the (J)z -axis is opposite to that

4

x of the gravity force vector (Fig, 1).
4 S Let us establish a certain property of function @ for
A — oo. Assuming that functions in Green's formula
Fig, 1 are equal to (D,with the use of (1,1) we obtain

§§S[(%g) + (%) + (52)]av = g_gg (2" ax

Hence



